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We explore the dynamics of a Bose gas following its quench to a strongly interacting regime
near a Feshbach resonance. Within a self-consistent Bogoliubov analysis we find that after the
initial condensate-quasiparticle Rabi oscillations, at long time scales the gas is characterized by a
nonequilibrium steady-state momentum distribution function, with depletion, condensate density
and contact that deviate strongly from their corresponding equilibrium values. These are in a
qualitative agreement with recent experiments on 85Rb by Makotyn, et al. Our analysis also suggests
that for sufficiently deep quenches close to the resonance the nonequilibrium state undergoes a phase
transition to a fully depleted state, characterized by a vanishing condensate density.
PACS numbers: 67.85.De, 67.85.Jk
Experimental realizations of trapped degenerate
atomic gases coupled with field-tuned Feshbach reso-
nances (FR) [1] have led to studies of quantum states
of matter in previously unexplored, extremely coherent,
strongly interacting regimes. Some of the notable early
successes include a realization of paired s-wave superflu-
idity and the corresponding BCS-to-Bose-Einstein con-
densate (BEC) crossover[2–4], phase transitions driven
by species imbalance[5, 6], and the superfluid-to-Mott
insulator transition in optical lattices[7]. More recently,
much of the attention has turned to nonequilibrium
analogs of these quantum states, made possible by un-
matched high tunability (adiabatic or sudden quench) of
system parameters, such as FR interactions and single-
particle (e.g., trap and lattice) potentials in atomic gases.
Quenched dynamics of FR fermionic gases have been
extensively explored theoretically, predicting coherent
post-quench oscillations [8, 9] and topological nonequi-
librium steady states and phase transitions [10]. In
bosonic gases such quench studies date back to semi-
nal work on 85Rb [11], illustrating coherent Rabi-like
oscillations between atomic and molecular condensates
[12]. More recently, oscillations have also been ob-
served in quasi-two-dimensional bosonic 133Cs, follow-
ing shallow quenches between weakly-repulsive interac-
tions [13], and have stimulated theoretical studies of
weak two-dimensional quenches [14, 15]. Given that res-
onant bosonic gases are predicted to exhibit atomic-to-
molecular superfluid phase transition (rather than just
a fermionic smooth BCS-BEC crossover) and other in-
teresting phenomenology [16], we expect their quenched
dynamics to be even richer, providing further motivation
for our study.
Fundamentally, such Bose gases become unstable upon
approach to a FR (where two-particle scattering length
as diverges) due to a growth of the three-body loss
rate γ3 ∝ n2a4s relative to the two-body scattering rate
γ2 ∝ n4/3a2s. On general grounds, in the limit of na3s  1,
these rates are expected and found [17] to saturate at
an order of Fermi-like energy (energy set by atom den-
sity, which for simplicity we will just call Fermi energy)
n = ~2k2n/2m (kn ≡ n1/3), exhibiting universality akin
to unitary Fermi gases [18–20]. However, as was re-
cently discovered in 85Rb [17], quenches on the molecular
(as > 0) side of the resonance, even near the unitarity,
the three-body rate appears to be more than an order
of magnitude slower than the two-body rate (both pro-
portional to Fermi energy, as expected), thereby open-
ing up a window of time scales for metastable strongly-
interacting nonequilibrium dynamics.
Stimulated by these experiments [11, 13, 17] and tak-
ing the aforementioned slowness of γ3  γ2 as an em-
pirical fact, in this report we study the upper-branch
effectively repulsive dynamics of a three-dimensional gas
of strongly interacting bosonic atoms following a deep de-
tuning quench close to the unitary point on the molecular
side (as > 0) of the FR. Before turning to the analysis,
we present highlights of our results that show qualitative
agreement with JILA experiments [17] and discuss the
limits of their validity.
Following a sudden shift in interaction from g0 =
4pia0/m to gf = 4piaf/m (we take ~ = 1 throughout)
leaves the system in an excited state of the shifted Hamil-
tonian, Hf that leads to a nontrivial dynamics associated
with Rabi-like oscillations between an atomic condensate
and Bogoliubov quasi-particles. Although such oscilla-
tions have indeed been seen in shallow quenches[11, 13],
they do not appear to have been observed in deep
quenches to unitarity [17]. We find that oscillations at
frequencies corresponding to different momenta k deco-
here on longer time scales, set by the inverse of the Bo-
goliubov spectrum. We thus observe that the momen-
tum distribution function, nk(t) = 〈0−|a†k(t)ak(t)|0−〉
approaches a steady state form at a time scale growing
as ∼ 1/k2 (∼ 1/k) for momenta larger (smaller) than
the coherence momentum, kξ =
√
4piafn. The full dis-
tribution function reaches a nonequilibrium steady state
at the longest time scale R
√
m/(gfn) set by the cloud
size, R, beyond which it is characterized by a time-
independent momentum distribution function illustrated
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2in Fig.2. Within our self-consistent Bogoliubov theory
nk(t → ∞) ≡ n∞k never fully thermalizes, although is
expected to on physical grounds if Bogoliubov quasi-
particle collisions are taken into account. However, if
this latter rate is significantly slower than the interac-
tion energy (set by the chemical potential), we would
expect our prediction for nk(t) (Fig.1) and its long-time
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FIG. 1: (Color online) Time evolution of the (column-
density) momentum distribution function, n˜k⊥(t) ≡
n−1/3V −1
∫
dkznk(t) following a scattering length quench
kna0 = 0.01→ knaf = 0.6 in a resonant Bose gas.
steady-state form (illustrated in Fig.2)
n∞k =
k4 + 8pik2(a0n+ a˜fn+ a˜fn
∞
c ) + 64pi
2a˜fn
∞
c n(a˜f + a0)
2
√
k2(k2 + 16pia˜fn∞c )(k2 + 16pia0n)(k2 + 16pia˜fn)
−1
2
(1)
to capture the nonequilibrium momentum distribution
observed in JILA experiments[17]. In Eq.1 a˜f =
kF af
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FIG. 2: (Color online) A nonequilibrium steady-state mo-
mentum distribution function n∞k , approached at long times,
following a scattering length quench a0 → af (illustrated for
knaf = 0.1, 0.2, ..., 0.9 and kna0 = 0.01) in a resonant Bose
gas. The inset illustrates the presence of the 1/k4 large mo-
mentum tail.
af/
√
1 + k2na
2
f is the effective finite-density scattering
length and n∞c ≡ nc(t → ∞) is the asymptotic steady-
state value of the condensate density, nc(t) = n −
V −1
∑
k6=0 nk(t), which is self-consistently determined
by the depletion nd(t) = V
−1∑
k6=0 nk(t), illustrated in
Fig. 3. After time set by m/(4pia˜fn) the depletion sat-
urates at a nonequilibrium value, n∞d (knaf ) (calculated
below), which deviates significantly from the adiabatic
depletion, i.e., the equilibrium value corresponding to the
scattering length af .
Finally, we find that for knaf > knafc = 1.35, the
asymptotic condensate density is driven to zero; this con-
trasts with the equilibrium state, where in three dimen-
sions at T = 0 the gas is a BEC at arbitrary strong inter-
actions, knas. Our analysis thus suggests[21] that for a
sufficiently deep quench, the system undergoes a nonequi-
librium phase transition to a non-BEC steady state. We
conjecture that the nonequilibrium transition is set by
the critical depth of the quench for which the associ-
ated excitation energy, Eexc = 〈0−|Hf |0−〉 − 〈0f |Hf |0f 〉
(where |0f 〉 is the ground state of Hf ) significantly ex-
ceeds n.
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FIG. 3: (Color online) Time evolution of the condensate de-
pletion, nd(t) as a function of pulse duration t, following a
scattering length quench a0 → af in a resonant Bose gas.
The inset shows an approximate collapse of the scaled deple-
tion, with only a weak dependence on other parameters.
We obtain these results using a self-consistent Bogoli-
ubov theory, implemented in two steps. First, to en-
sure that the condensate fraction nc(t) remains posi-
tive [equivalently, the depletion nd(t) does not exceed
the total atom number n, as it can at strong coupling
within straight Bogoliubov theory], we solve the Heisen-
berg equations of motion for the finite momentum quasi-
particles using a time-dependent Bogoliubov Hamilto-
nian, where nc(t) appears as a self-consistently deter-
mined function. This approximation is the bosonic ana-
log of the self-consistently determined BCS gap func-
tion in fermionic systems[8, 9] and for a uniform state
is equivalent to solving the Gross-Pitaevskii equation for
the condensate Φ0 in conjunction with Heisenberg equa-
3tions for the finite momentum excitations ak. Our sec-
ond “beyond-Bogoliubov” approximation is the replace-
ment of the scattering length af by the density dependent
scattering amplitude |f(kn, af )| = af/
√
1 + k2na
2
f ≡ a˜f ,
This qualitatively captures the crossover from the two-
atom regime, af  n−1/3 to a finite density limit, when
af reaches inter-particle spacing and the scattering am-
plitude saturates at ∼ k−1n . While the details of the
crossover function are ad hock, our qualitative predic-
tions are insensitive to these details and depend on the
limiting values of the two regimes.
After the a0 → af quench the atomic resonant gas
with a free dispersion k = k
2/2m is governed by a
single-channel bosonic Hamiltonian Hf =
∑
k ka
†
kak +
gf
2V
∑
k1,k2,q
a†k1a
†
−k1+qak2a−k2+q, with the final interac-
tion parameter, gf and corresponding scattering length,
af , tunable via a magnetic field near a Feshbach reso-
nance. Motivated by the experiments[17], we focus on
the initial states and their subsequent evolution, which,
although possibly strongly depleted and time-dependent,
are confined to a well-established condensate (focusing
for simplicity on periodic boundary conditions without a
trap). This allows us to make progress in treating the
resonant interactions, by expanding in finite-momentum
quasi-particle fluctuations about a macroscopically occu-
pied k = 0 state, and thereby to reduce the Hamilto-
nian to the quadratic form, Hf (t) ≈ gf2V N2 −
∑
k(k +
gfnc(t)) +H
B
f (t), where
HBf =
1
2
∑
k6=0
(
a†k a−k
)(k + gfnc(t) gfnc(t)
gfnc(t) k + gfnc(t)
)(
ak
a†−k
)
≡ 1
2
∑
k6=0
~Φ†k(t) · hˆk(t) · ~Φk(t), (2)
with a new ingredient that the time-dependent conden-
sate density is self-consistently determined by nc(t) =
n− 1V
∑
k 6=0〈0−|a†k(t)ak(t)|0−〉 in the initial, pre-quench
state |0−〉 at t = 0−. Focussing on zero temperature,
we take state |0−〉 to be the vacuum with respect to the
quasi-particles αk, that diagonalize the initial Hamilto-
nian, HB0 =
∑
kE
0
kα
†
kαk + const., characterized by a
pre-quench scattering length, a0.
The corresponding Heisenberg equation of motion
iσz∂t~Φk(t) = hˆk(t) · ~Φk(t) for ~Φk(t) = (ak(t), a†−k(t)) is
conveniently encoded in terms of a time-dependent Bo-
goliubov transformation Uk(t), Φk(t) = Uk(t)Ψk, where
Ψk = (βk, β
†
−k) are time-independent bosonic reference
operators (ensured by |uk(t)|2 − |vk(t)|2 = 1), that
diagonalize the Hamiltonian at the initial time t = 0+
after the quench, HBf (0
+) =
∑
kE
f
k(0
+)β†kβk + const..
Equivalently, U†k(0
+)hf (0
+)Uk(0
+) = Ef (0
+) =√
2k + 2gfnc(0
+)k, fixing the initial condition
uk(0
+) =
√
1
2 (
k+gfnc(0+)
Ef (0+)
+ 1), and vk(0
+) =
−
√
1
2 (
k+gfnc(0+)
Ef (0+)
− 1) for spinor ψk(t) ≡ (uk(t), vk(t)),
which evolves according to
iσz∂t ~ψk(t) = hˆk(t) · ~ψk(t). (3)
For a given condensate density nc(t) the solution for
the evolution operator U(t) can be found exactly[22] and
for a slowly evolving nc(t) it is well approximated by an
instantaneous Bogoliubov transformation for HBf (t),
U(t) =
(
uk(t)e
−i ∫ t
0
Ek(t
′) vk(t)e
i
∫ t
0
Ek(t
′)
vk(t)e
−i ∫ t
0
Ek(t
′) uk(t)e
i
∫ t
0
Ek(t
′)
)
, (4)
where
uk(t) =
√
1
2
(
k + gfnc(t)
Ek(t)
+ 1
)
, (5)
vk(t) = −
√
1
2
(
k + gfnc(t)
Ek(t)
− 1
)
, (6)
and Ek(t) =
√
2k + 2gfnc(t)k. Using this and the re-
lation of the atomic operators at the initial time to pre-
and post-quench Bogoliubov operators
U(0−)
(
αk
α†−k
)
=
(
ak(0
+)
a†−k(0
+)
)
= U(0+)
(
βk
β†−k
)
, (7)
we have(
ak(t)
a†−k(t)
)
= U(t)U−1(0+)U(0−)
(
αk
α†−k
)
. (8)
We can now compute arbitrary dynamic atomic correla-
tors, such as the structure function, the rf spectroscopy
signal, and the momentum distribution function in terms
of these time-dependent matrices[22]. Focusing on the
momentum distribution function (measured in the JILA
experiments[17]), we find (see the Appendix)
nk(t) = 〈0−|a†k(t)ak(t)|0−〉,
=
kˆ4 + kˆ2(σ + 1 + nˆc) + 2σnˆc + 2nˆc(1− σ) sin2 φ
2kˆ
√
(kˆ2 + 2nˆc)(kˆ2 + 2σ)(kˆ2 + 2)
,
−1
2
(9)
where
φ(kˆ, tˆ, nˆc(tˆ)) =
∫ tˆ
0
dt′
√
kˆ2(kˆ2 + 2nˆc(t′)), (10)
with normalized kˆ ≡ k/√8pina˜f , nˆc(tˆ) ≡ nc(tˆ/g˜fn)/n,
σ ≡ a0/a˜f , and tˆ ≡ tg˜fn.
We close this equation by using it to self-consistently
compute the time-dependent condensate density nc(t) =
4n− 1/V ∑k nk(t) ≡ n− nd(t). We solve numerically the
corresponding equation for nˆc(tˆ)
1− nˆc(tˆ) = nˆd(tˆ) = 8
√
2
pi
(na˜3f )
1/2
∫ ∞
0
dkˆkˆ2nkˆ(tˆ, σ, nˆc(tˆ)),
(11)
with the solution for nd(t) illustrated in Fig.3. In the
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FIG. 4: (Color online) Long-time condensate fraction nc as
a function of interaction strength, knaf . For a sufficiently
deep quench, knaf > 1.35 (for kna0 = 0.01), the asymptotic
condensate density vanishes, suggesting a phase transition to
a non-Bose condensed nonequilibrium steady state.
long-time limit (averaging away the oscillatory compo-
nent) Eq.11 reduces to an equation for n∞c (knaf ), which
then determines the steady-state momentum distribution
function, n∞k in Eq.1. The associated long-time depletion
n∞d deviates significantly from the ground-state value,
ngsd =
8
3
√
pi
√
na3f at the corresponding af . As is clear
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FIG. 5: (Color online) The effective contact C(knaf ) asso-
ciated with the asymptotic momentum distribution function
as a function of the interaction strength knaf to which the
system is quenched from kna0 = 0.01.
from the inset of Fig.2, the long-time momentum distri-
bution function n∞k exhibits a large momentum 1/k
4 tail,
n∞k→∞ = C/k
4. We find that the corresponding nonequi-
librium contact, C [23–25] is given by
C = 16pi2k4n[(kna˜f − kna0)2 + (kna˜f
n∞c
n
)2] (12)
and is illustrated in Fig.5.
Finally, we observe that our long-time solution n∞c of
Eq.11 monotonically decreases with knaf , vanishing at
the critical quench value of knafc = 1.35 (see Fig.4).
This suggests[21] that such deep quenches excite the zero-
temperature Bose gas to high enough energies, Eexc, so as
to fully deplete the condensate and to drive a nonequi-
librium transition to a non-BEC state. This is not an
unreasonable nonequilibrium counterpart of a thermal
BEC-to-normal gas transition.
To summarize, we studied the dynamics of a resonant
Bose gas, following a deep quench to a large positive scat-
tering length. Utilizing a self-consistent extension of a
Bogoliubov theory, which allows us to approximately ac-
count for a large depletion and a time-dependent conden-
sate density, we computed the nonequilibrium momen-
tum distribution function, nk(t) and a variety of proper-
ties derived from it. They show reasonable qualitative
agreement with recent experiments[17], but also leave
many interesting open questions for future studies[22].
These include an exact numerical solution of the self-
consistent Eqs. (9)-(11) to verify our approximate so-
lution, and the incorporation of the molecular state ex-
pected to appear on the bound-state side of the reso-
nance, through the analysis of the two-channel model.
Finally, research is under way to extend our work to in-
clude quasi-particle interaction, which will account for
the thermalization expected on general grounds and ob-
served experimentally.
We thank P. Makotyn, D. Jin, and E. Cornell for shar-
ing their data with us before publication, and acknowl-
edge them, A. Andreev, D. Huse, V. Gurarie, and A.
Kamenev for stimulating discussions. This research was
supported by the NSF through DMR-1001240.
Note added: A complementary analysis of the exper-
iment in [17] has been recently posted [26]. It utilizes
a time-dependent variational approach [27], which is ex-
pected to be equivalent to our self-consistent Bogoliubov
theory
APPENDIX
In this appendix we fill in some of the technical details
leading to the results reported in the main text. Starting
with Eqs. (4)-(6), it is straightforward to show
U−1(0+)U(0−) =
(
cosh ∆θk sinh ∆θk
sinh ∆θk cosh ∆θk
)
, (A1)
5where
∆θk =
1
2
cosh−1(
1
2
(
Ef
Ei
+
Ei
Ef
)), k =
k2
2m
Ei ≡
√
(k)2 + 2kngi, Ef ≡
√
(k)2 + 2kngf . (A2)
Combining this with (8) and (4), we obtain(
ak(t)
a†−k(t)
)
=
(
uk(t)e
−i ∫ t
0
Ek(t
′)dt′ vk(t)e
i
∫ t
0
Ek(t
′)dt′
vk(t)e
−i ∫ t
0
Ek(t
′)dt′ uk(t)e
i
∫ t
0
Ek(t
′)dt′
)
×
(
cosh ∆θk sinh ∆θk
sinh ∆θk cosh ∆θk
)(
αk
α†−k
)
(A3)
giving the evolution of atomic operators ak(t) and a
†
k(t)
following the quench at time t = 0. Taking the initial
gas to be in thermal equilibrium, prior to the quench, the
quasi-particles αk and α
†
k obey the Bose-Einstein distri-
bution
〈0−|αˆ†kαˆk|0−〉 = 〈0−|αˆkαˆ†−k|0−〉 − 1 =
1
eEi/kBT − 1 .(A4)
At T = 0 of interest to us here, these as usual reduce to
〈0−|αˆ†kαˆk|0−〉 = 〈0−|αˆkαˆ†−k|0−〉 − 1 = 0. (A5)
Combining these with (A3), we can straightforwardly
evaluate the atom momentum distribution function
nk(t), at time t after the quench, obtaining
nk(t) = 〈0−|a†k(t)ak(t)|0−〉
= |(u(t)e−i
∫ t
0
Ek(t
′)dt′ sinh ∆θk
+v(t)ei
∫ t
0
Ek(t
′)dt′ cosh ∆θk)|2. (A6)
Now using (5) (6) and (A2) inside (A6), we obtain our
key result for nk(t) reported in Eqs. (9) and (10) of the
main text, with normalized parameters kˆ, nˆc(tˆ) and tˆ
defined there.
[1] C. Chin, R. Grimm, P. Julienne, E. Tiesinga, Rev. Mod.
Phys. 82, 1225 (2010).
[2] M. Bartenstein, et al., Phys. Rev. Lett. 92, 120401
(2004).
[3] C. A. Regal, M. Greiner, D. S. Jin, Phys. Rev. Lett. 92,
040403 (2004).
[4] M. Zwierlein, et al., Nature 435, 10471051 (2005).
[5] G. Partridge, et al., Science 311, 503505 (2006).
[6] L. Radzihovsky, D. Sheehy, Rep. Prog. Phys. 73, 076501
(2010); Phys. Rev. Lett. 96, 060401 (2006).
[7] M. Greiner, et al.., Nature 415, 39 (2002).
[8] R. Barankov, L. Levitov, B. Spivak Phys. Rev. Lett. 93,
160401 (2004).
[9] A. Andreev, V. Gurarie, L. Radzihovsky, Phys. Rev. Lett.
93, 130402 (2004).
[10] M. S. Foster et al., Phys. Rev. B 88, 104511 (2013).
[11] E. A. Donley, et al., Nature 417, 529 (2002).
[12] M. Holland, S. J. J. M. F. Kokkelmans, Phys. Rev. Lett.
89, 180401 (2002).
[13] C.-L. Hung, V. Gurarie, C. Chin, Science 341, 12131215
(2013).
[14] S. S. Natu, E. J. Mueller, Phys. Rev. A 87, 053607 (2013)
[15] A. Ranon, et. al., Phys. Rev. A 88, 031601 (2013).
[16] L. Radzihovsky, J. Park, P. Weichman Phys. Rev. Lett.
92, 160402 (2004); Annals of Physics 323, 2376 (2008).
[17] P. Makotyn, et al., arXiv:1308.3696
[18] T.-L. Ho, Phys. Rev. Lett. 92, 090402 (2004).
[19] P. Nikolic´, S. Sachdev, Phys. Rev. A 75, 033608 (2007).
[20] M. Y. Veillette, D. E. Sheehy, L. Radzihovsky, Phys. Rev.
A 75, 043614 (2007).
[21] Because our self-consistent Bogoliubov analysis is uncon-
trolled we cannot be certain that this nonequilibrium
transition is not an artifact of this approximation.
[22] X. Yin, L. Radzihovsky, unpublished.
[23] S. Tan, Annals of Physics 323, 29712986 (2008).
[24] R. J. Wild, et al., Phys. Rev. Lett. 108, 145305 (2012).
[25] D. H. Smith, et al., arXiv:1309.6922.
[26] A. G. Sykes, et al., arXiv:1309.0828
[27] J. L. Song, F. Zhou, Phys. Rev. Lett. 103, 025302 (2009)
